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1

| ntroduction

1.1 Advantages of New Wavelet Transforms

1.1.1 Discrete Wave et Transforms

In this version of the S+Wavelets module we introduce a variety of new discrete wavelet transforms based on
those devel oped in [PW00] and in [Kin98, Kin99, Kin00]. Previous versions of the S+Wavelets modul e support
similar transforms, but there are some distinct differences between old and new.

Identi cation of boundary coef cients. For nite length time series, there are a number of methods
used to extend the boundaries of a sequence in order to preserve the length of the time series in the
transform. The number of coef cients that arein uenced by these boundary treatments grows with the
decomposition level. It is important to keep track of these so-called boundary coef cients when ap-
plying statistical measuresto the wavelet transform coef cients, e.g., wavelet variance estimators. While
former versions of the S+Wavelets module offer a variety of boundary treatments, there currently ex-
ists no methodology to track the corresponding boundary coef cients. In the new S+Wavelets module,
we have embedded functionality to track the boundary coef cients, enabling us to calculate cross-scale
unbiased statistics on the transform coef cients.

Assurance of energy preservation. In orthonormal transforms, the energy of the origina time seriesis
equal to that of the collective transform coef cients. In forming certain statistics of the wavelet trans-
form coef cients, it isvita that the energy be preserved. To guarantee energy preservation, the wavel et
transforms in the new S+Wavelets module impose a periodic boundary extension rule. Other existing
boundary extension treatments such as poly0, polyl, poly2, zero, and re ection do not guarantee energy
conservation in the transform.

Handling non-dyadic time series. A time seriesisdyadic if its length is a power of two. The de nition
of adiscrete wavelet transform is typically based on the assumption that the time seriesis dyadic and, in
order to overcome this restriction, special techniques must be used. In the former S+Wavelets modules,
the wavelet transforms handled non-dyadic time series in a way that made the number of transform
coef cients at a given level dif cult for the user to predict. In the new S+Wavelets module, we use
a novel treatment for non-dyadic sequences that follows a simple rule applied only to the transform
coef cients corresponding to low pass Iter operations, i.e., the so-called scaling coef cients: if at any
given decomposition level, the number of scaling coef cientsis odd, then the last scaling coef cient is



preserved in a special crystal named extra. For reconstruction (synthesis) operations, the extra scaling
coef cientsare simply put back into place at the appropriate point in the reconstruction algorithm. While
this technique requires a bit more bookkeeping (on our part), it does not impose any spurious energy in
the transform coef cients. Furthermore, the number of coef cients at each level iseasily calculable.

Convolution style Itering. Prior to this version of S+Wavelets, the default Itering style was correla-
tion. In the new wavelet transforms, the Itering style is convolution. Both are valid means of obtaining
wavel et transform coef cients, but the convolution style has the advantage of being easily related to the
discrete Fourier transform. The relation we speak of states that the convolution of a time series and a

[ter in the time domain is equivalent to the (inverse Fourier transform of) the product of the Iter and
time series Fourier transforms.

We aso introduce a new discrete wavelet transform to the S+Wavelets module: the dual tree wavelet trans-
form (DTWT) developed by Dr. N.G. Kingsbury of the University of Cambridge. Like non-decimated wavel et
transforms, the DTWT is an over-complete transformation of the data, producing more transform coef cients
than that found in the original data. The redundancy isafactor of 2 in one dimension, and 4 in two dimensions.
By comparison, conventional non-decimated DWTs impose a J-fold increase in the number of coef cientsfor
(one-dimensional) time series, where J is the decomposition level. The advantages of the DTWT are that it
retains perfect reconstruction, achieves a good (approximate) degree of shift invariance, has good directional
selectivity, and has low noise ampli cation, al at the cost of a modest degree of redundancy. The DTWT is
available for both 1-D and 2-D transformations.

A number of promising applications of the DTWT have been reported in the recent literature by Kingsbury
and his co-workers. We summarize several of these here as an indication of the potential and versatility of this
transform.

In video coding, because transforms of shifted images are smply related, motion vectors between suc-
cessive video frames may be estimated by analysisin the transform domain [MK98].

In image denoising, application of soft thresholding to the complex wavelet coef cients produces results
comparable to those obtained using the non-decimated transform (MODWT), but with considerably less
computation [Kin98]. The denoising performance may be enhanced by use of hidden Markov tree (HMT)
methods [ CRK00].

In texture analysis, the directional and shift-invariant features of the DTWT make it ideal [HMK99,
dRK99, HBOQ].

Inimage classi cation, techniques can be based on multiscale texture and color feature vectors obtained
from the DTWT [KNKF00, RCBK 00, dRK00].

In digital image watermarking, a promising method can be based on the DTWT [LKOQ].

1.1.2 Continuous Wavelet Transforms

The new S+Wavelets contains two new continuous wavelet transforms: the continuous wavelet transform
(CWT) and the Gabor transform (2-D only).

1.2 Estimation of the Wavelet Variance

Inthisversion of S+Wavelets, weintroduce functionality to estimate the wavel et variance of atime seriesand to
provide corresponding con dence intervals. The wavelet variance provides away of analysing (decomposing)
the variance of atime series and is of interest for several reasons:
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The wavelet variance breaks up the variance of certain stochastic processesinto pieces that are associated
with different scales. Thistype of decomposition has considerable appeal for studying time seriesthat ex-
hibit uctuations over arange of different scales, as occurs quite commonly in nancia and geophysical
time series.

The wavelet variance is closely related to the concept of the spectral density function (SDF). While
the SDF decomposes the variance of a process into components that can be associated with particular
frequencies, the wavelet variance decomposes the variance into components associated with particular
scales. Since each scale can in turn be related to a certain range of frequencies in the data (as opposed to
a single frequency), the wavel et variance often leads to a more succinct decomposition that is easier to
interpret.

The wavelet variance is a useful substitute for the variance of aprocessfor certain processeswithin nite
variance or for a process whose sample variance has poorly behaved sampling properties.

1.3 Wavelet-Based Analysis of Fractionally Differenced Processes

Recently there has been wide-spread interest in the use of nonstationary multi-scale fractal processes as models
for environmental, biomedical and nancial time series. There are, however, anumber of modeling and estima-
tion issues that have yet to be fully resolved. In the area of modeling thereisneed for a exible yet tractable

class of models that are capable of describing the nonstationarities typically observed in recorded measure-
ments of (fractal) processes. The challenge isto develop modelsthat capture the salient features of fractal times
series, yet do so in a relatively simple manner. One such model is the fractionally differenced (FD) process.
For certain fractal processes, an FD process model has many advantages over conventional models (such as
fractional Brownian motion and fractional Gaussian noise models) including model  exibility, ssmplicity and
continuity over stationary-nonstationary model parameter regimes.

The S+Wavelets modul e utilizes novel wavelet-based techniques to estimate the (possibly time-varying) FD
model parameters over nite ranges of scale. Wavelet methods have many advantages over other techniques:

DECOMPOSITION BASED ON SCALE. Many rea-world (fractal) phenomenaexhibit uctuations at vari-
ous temporal or spatial scales, e.g., atmospheric turbulence measurements, nancial market uctuations,
and environmental time series to name a few. A wavelet transform is a natural analyzer for such data
since it transforms a time series into coef cients that correspond to (differences and averages) of such
variations over arange of different scales.

DECORRELATION OF TIME SERIES. Many fractal processes, such aslong-memory processes, are highly
correlated. In this case, estimating the FD model parameters via a maximum likelihood estimator (MLE)
is computationally intense, but is relatively ef cient for uncorrelated fractal processes. Craigmile et al
show that using aDWT on correlated FD process redlizations yieldswavelet coef cientsthat are approx-
imately uncorrelated [CPGO00a)]. Thus, to make MLE of FD model parameters practical, the DWT can be
used as a preprocessive measure to decorrelate correlated FD processes.

LOCALIZED TIME AND SCALE CONTENT. Each wavelet coef cient islocalized in time, allowing us to
track changes in the characteristics of atime series at a particular scale as afunction of time.

SEPARATION OF NONLINEAR TRENDS FROM NOISE. The wavelet coef cients are inherently ‘blind’
(invariant) to nonlinear polynomial trend contamination in the original time series [CPGOOb].

In addition to its FD estimation routines, the S+Wavelets module contains functionality for simulating time-
varying fractionally differenced (TVFD) processes. TVFD processes can serve as useful models for certain
time series whose statistical properties evolve over time. The TVFD functionality developed for S+Wavelets
has many advantages over other techniques:



The FD model parameters are allowed to uctuate as a function of time. Thisis bene cial for modeling
some real-world processes which exhibit uctuating stochastic fractal dynamics as time evolves.

The TVFD routines generate mathematically exact realizations, thus ensuring that if we conducted
a Monte Carlo experiment to determine the properties of a statistic formed from a TVFD process, our
results will re ect the correct properties of the statistic rather than the inaccuracies in the simulation
technique.

The range of supported TVFD model parameters exceeds that of (related) model parameters for other
techniques such aslocally stationary processes [Pri65, Dah97, MPZ98, CHT98, Ma99] and locally self-
similar process [GF93, FG94, WCS01]. Although these classes have served as successful models for
some time series, the corresponding restricted model parameter range are not reasonable for certain real-
world time series, whereas the range for our TVFD simulator is appropriate for most (if not all) real-world
phenomena.

1.4 Organization of Supplement
The remainder of this S+Wavelets module is organized as follows:

In 82 we introduce the Iter functions used to generate suitable wavelet and scaling Iters for use in discrete
wavelet transforms. In 83 we discuss both one-dimensional and two-dimensional discrete wavelet transforms
and the parameters needed to ne-tune their output. In 84 we introduce the concept of wavelet variance and
discussitsrami cations on scale selection and FD model validation. In 85 we introduce FD model simulation
and estimation functions and show its potential in analyzing both simulated and physical stochastic fractal pro-
cessrealizations. In Appendix A and Appendix B we provide the data and function references, respectively, for
the S+Wavelets module. In Appendix C we de ne the object-oriented design of the S+Wavelets module and
include a description of classes and corresponding methods.



2
Filter Functions

2.1 What isaWavelet Filter?

Qualitatively speaking, a function () de ned over the entire real axisis caled awavelet (or ‘short wave') if
Y(t) ¥ Oast ¥ oo, For acontrasting example, consider afunction whose value at t is given by cos(2mt=10).
Because this function has no tendency to get smaller ast gets larger and larger, we can call it a‘long wave’
By judiciously de ning awavelet and by comparing it to various portions of another continuous function of t,
we can expose or extract variations in portions of this second function over the effective width (i.e., scale or
duration) of the wavelet.

In practical applications, we invariably deal with sequences of values indexed by integers rather than func-
tions de ned over the entire real axis (such sequences are often called ‘time series’ for convenience). In place
of actual wavelets, we use short sequences of values referred to as wavelet Iters. The number of valuesin the
sequence is called the width of the wavelet Iter. For technical reasons, this width, denoted by L, must be an
even integer. We use the notation fh|g:-: L (or just fhig) to denote a wavelet Iter, where hy is called a Iter
coef cient (theset of all Iter coef cientsis commonly called the impul se response sequence). Quantitatively,
awavelet Iter must meet the following three mathematical conditions.

1. The Iter coef cients must sum to zero:
L 1
% h| =0:
=

L1
|;)h|2:l:

3. Thecoef cients must be orthogonal to their even shifts:

2. Thecoef cients must have unit energy:

L1
hih+oc=0;
2,

where k is any nonzero integer, and for conveniencewede neh; =0forl <Oorl L.

Together the second and third conditions are called the orthonormality condition.



Thewavelet Iter isused in combination with ascaling Iter to calculate a discrete wavelet transform. The
wavelet Iter coef cients hy are related to the scaling Iter coef cients g; through a quadrature mirror  Iter
(QMF) relationship, namely,

g=( D" 1 I=05L L
Given ascaling Iter, we can obtain the corresponding wavelet Iter viahy = ( 1)'g. 1 |. Thescaling lter
satis esrg”ue same orthonormality condition as the wavelet Iter, but, rather than summing to zero, we have
S1ar =" 2 Thescaling Iter and wavelet Iter are sometimes referred to in wavelet literature as the *father
wavelet Iter’ and ‘the mother wavelet Iter’, respectively.

2.2 Supported Wavelet Filters

There are several families of wavelet Iters whose members satisfy the three mathematical conditions stated
above. The following four families are supported in S+Wavelets.

EXTREMAL PHASE (d): Filtersin thisfamily are designed such that, if we use an impulse asthe input,
then the output from the Iter will have a cumulative energy that increases as fast as possible. Extremal
phase Itersare aso know as ‘daublets’ or ‘minimum phase’  Iters.

LEAST ASYMMETRIC (s): Filters in this family are smoother and more symmetric looking than ex-
tremal phase Iters, but they have exactly the same gain functions (i.e., the magnitudes of their discrete
Fourier transforms). These Iters are approximations to linear phase Iters (a Iter with linear phase is
desireable because we can then match up patterns going into the Iter with those coming out). They are
aso known as ‘symmlets’.

BEST LOCALIZED (l): These Iters have the same gain functions are the extremal phase and least
asymmetric lters. Likethelatter, they areintended to be as symmetric as possible, but they use aslightly
different de nition of what constitutes good symmetry.

COIFLET (c): These lIters have different gain functions from the other three families and are much
better approximations to linear phase  Iters.

The extremal phase, least asymmetric and coi et families of wavelet Iters are discussed in detail in the pi-
oneering book on wavelets by Ingrid Daubechies [Dau92]. She coined the term ‘coi et’ in honor of Ronald
Coifman (another prominent ‘waveletician’), to whom she credits the idea for the family. The best localized
family is due to Doroslovacki [Dor98].

2.3 The WaveetDaubechies Class

The wavDaubechies function retrieves wavelet and scaling  Iters and returns them in the form of an object of
class WaveletDaubechies. Thefollowing methods can be used to view, summarize and access the data contained
in a WaveletDaubechies object.

Summary Operator Methods:

print Prints the following information about the wavelet and scaling  Iters:

the Iter type (e.g., ' Extremal Phase')

the width L of the wavelet and scaling Iters

alogical ag stating the normalization status of the Iters

the coef cients (i.e., impulse response sequence) for the Iters

2



plot Plots the coef cients for wavelet and scaling Iters or components of their frequency
response functions (these functions are the discrete Fourier transforms of the Iter co-
ef cients and are also commonly called the transfer functions). The plot function takes
a second argument (type), which should be set to the string time , gain, or phase
to plot, respectively, the Iter coef cients, the gain function (i.e., the modulus of the
frequency response function) and the phase of the frequency response function.

Data Access Methods

$ Use to access speci ¢ components of the class object. A list of accessible components
can be generated using the names function.

For example, if s8 is an object of class WaveletDaubechies, then names(s8) will give a
list of its components. Two of these components are wavelet and scaling, so s8$wavelet
will return the wavelet Iter coef cients, while s8$scaling will return the scaling Iter
coef cients.

2.4 An Example: Retrieving Wavelet and Scaling Filters

To retrieve a particular wavelet  Iter, use the wavDaubechies function aong with a string denoting the desired
Iter. This string should start with either d (for extremal phase Iters, i.e., daublets), s (for least asymmetric
Iters, i.e., symlets), | (for best localized lIters) or ¢ (for coi ets) and should be followed by the width of the

desired Iter. The wavDaubechies function also takes an optional second argument, whichisalogical ag used

to denote whether the Iters should be unnormalized or normalized (the default). Filterswith unit energy are not
considered to be normalized normalized Iters have energies of 0.5 and are used with the ‘maximal overlap’

version of the discrete wavel et transform described in §3.2)

> s8 <- wavDaubechi es("s8", norn¥F)
> s8

Filter type: Least Asymretric
Filter length: 8

Filter normalized: FALSE

Wavel et filter:
[1] 0.03222310 0.01260397 -0.09921954 -0.29785780
[5] 0.80373875 -0.49761867 -0.02963553 0.07576571

Scaling filter:
[1] -0.07576571 -0.02963553 0.49761867 0.80373875
[5] 0.29785780 -0.09921954 -0.01260397 0.03222310

Thewavelet and scaling Iter coef cients are returned embedded in an object of class WaveletDaubechies. As
shown in the example above, the print method for this class lists exactly what  Iters these are and their normal-
ization status, following which it gives the coef cients (i.e., impulse response sequence) for both Iters. Asan
example of accessing one of the components in the object s8, let us check that the wavelet Iter coef cients
have unit energy:

> sun(s8%wavel et 2)
[1 1



Use the plot method to view the Iter coef cients (i.e., impulse response sequence) and the components of
their frequency response functions:

> pl ot (wavDaubechi es("s20", norneF), type="time")

> pl ot (wavDaubechi es("s20", norneF), type="gain")
> pl ot (wavDaubechi es("s20", normeF), type="phase")

IMPULSE RESPONSE: Least Asymmetric, length = 20
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FIGURE 2.1: Filter coef cients (i.e., impulse response sequence) for Daubechies least asymmetric wavelet and
scaling Iters of width L = 20.

The gain functions reveal that the wavelet and scaling Iters are high and low pass  Iters, respectively.



FREQUENCY RESPONSE GAIN: Least Asymmetric, length = 20
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FIGURE 2.2: Gain functions (i.e., modulus of the frequency response functions) for Daubechies |east asymmet-
ric wavelet and scaling Iter of width L = 20.



FREQUENCY RESPONSE PHASE: Least Asymmetric, length = 20
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FIGURE 2.3: Phase of frequency response functions for Daubechies least asymmetric wavelet and scaling Iter
of width L = 20. The vertical axisis expressed in degrees.



3
Wavel et Transforms

3.1 The Discrete Wavelet Transform

3.1.1 Overview

The wavelet Iter Thyg and scaling Iter Tg;g discussed in 82 are used to create a discrete wavelet transform
(DWT), which maps a time series from its original representation in the time domain to an alternative repre-
sentation in the time-scale domain. The DWT isimplemented in the time domain by recursively applying both

Itersto the time seriesin a‘ pyramid’ agorithm. Each recursive use of these Itersyields one level of wavelet
coef cients and scaling coef cients. If we stop after reaching a particular level, say J, and if the sample size
N of our time series can be expressed as an integer multiple of 27, the DWT consists of the wavelet coef -
cients for levels j = 1;2;:::;J aong with the scaling coef cients for level J. If we let dj and sj represent the
collection of wavelet and scaling coef cients, respectively, at level j, we can represent the DWT for level J as
[d1jd2j:::jdIjsd]. We use theterm ‘crystal’ to refer to any one of the componentsdi, d2, ...dJ, sJ inthe DWT;
i.e, alevel J DWT consists of J+ 1 crystals, J of which are the wavelet coef cients at the J different levels,
and one of which contains the scaling coef cients for level J. (If N is not an integer multiple of 27, an extra
cystral is needed. This consists of at most one scaling coef cient fromlevels j = 1;:::;J 1. Inthiscase we
can represent the DWT as[d1jd2j:::jdJjsJjextra].)

Asan example, let’s consider alinear chirp, i.e., asinusoid whose frequency increases linearly with time.

> linchirp <- make.signal ( "linchirp", n=1024 )
> plot( linchirp, type="I", ylab="linchirp" )

Figure 3.1 shows the resulting plot. You can use the wavDWT function to calculate alevel J =4 DWT using
thes8 wavelet lter, i.e., the Daubechies least asymmetric Iter of width L = 8.
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FIGURE 3.1: A 1024 point sample of alinear chirp.

> dwt.linchirp <- wavDWI( |inchirp, wavel et="s8", n.levels=4)
> dwt.linchirp

Di screte Wavel et Transformof linchirp
VWavel et: s8

Length of series: 1024

Nunber of levels: 4

Boundary correction rule: periodic
Filtering technique: convolution

Shifted for approxi mate zero phase: FALSE
Crystals: dl1 d2 d3 d4 s4

To plot the DWT, simply invoke the plot method:

> plot( dwt.linchirp)

Figure 3.2 isaplot of the elements of each crystal versus a nominal position (positions 0 to 1023 correspond
totimes O to 1; §3.1.4 below discusses are nement for associating the values in each crystal with a particular
time). If we comparethis gurewith Fig. 3.1, we see that, asthe level of the wavelet coef cientsincreases, the
positions of its largest elements are shifted toward the beginning of the series. Aswe discussin §3.1.3 below,
thisisin keeping with a band-pass interpretation of the DWT in which the high level wavelet coef cients are
capturing information in atime series over certain bands of low frequencies. The frequenciesin our linear chirp
areincreasing with time, which implies that the positions of large wavelet coef cients should shift to the left as
thelevel increases thisisin agreement with Fig. 3.2. Similarly the scaling coef cients capture the very lowest
frequency information about our time series, which is also consistent with what is shown in Fig. 3.2.
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FIGURE 3.2: Discrete wavelet transform of alinear chirp.

We can easily access the components (i.e., crystals) of a DWT. For example, the wavelet coef cients for
level 4 arein the crystal named d4. You can access these coef cients by using dwt.linchirp[[ d4 ]]. Thisis done
in the following command, in which we calculate the ‘energy’ in the level 4 wavelet coef cients (i.e., the sum
of squares of al the elementsin d4).

> sum( dwt.linchirp[["d4"]] 2)
[1] 130.638

The energy in particular crystalsis of interest because the DWT is an ‘energy preserving transform’; i.e., the
energy in all the DWT coef cientsis equal to the energy in the original time series. We can verify that thisis
true numerically here.

> sunm({ unlist(lapply(dwt.linchirp$data,
+ function(x) sumx 2))) )

[1] 500. 6865

> sum linchirp 2)

[1] 500. 6865

The fact that the DWT preserves energy means that we can use it to analyze the variance in atime series (this
fact isexploited in detail in §4).

In addition to the plot method, we can use the summary method to get some summary statistics about the
DWT coef cients.



> summary(dwt . |inchirp)

M n 1Q Medi an 3Q Max  Mean SD  \Var
dl -0.144 -0.005 0.000 0.005 0.130 0.000 0.037 0.001
d2 -1.265 -0.103 0.000 0.091 1.271 0.001 0.425 0.181
d3 -2.529 -0.615 -0.001 0.603 2.629 -0.035 1.236 1.529
d4 -3.585 -0.820 -0.001 0.171 3.212 -0.224 1.422 2.023
s4 -3.711 -0.120 0.004 0.252 4.028 0.120 1.426 2.033

MAD Energy %
dl 0.008 0.141
d2 0. 146 9.194
d3 0.918  38.804
d4 0.661 26.092
s4 0.283 25.769

Energy Distribution:

1st 1% 2% 3% 4% 5% 10%
Energy % 3.240 25.682 39.772 51.277 61.146 69.638 89.481
| coeffs| 4.028 2.966 2.494 2.315 2.110 1.865 1.042
#coeffs 1.000 11.000 21.000 31.000 41.000 52.000 103.000

15%  20%  25%
Energy % 96.233 98.793 99.589
|coeffs| 0.637 0.361 0.213
#coeffs 154.000 205.000 256. 000

The rst block of the summary gives some statistics related to the empirical distribution of the values within
each crystal (minimumvalue, rst quartile, median (i.e., second quartile), third quartile, maximum value, mean,
standard deviaton, sample variance and the median absolute deviation), along with the percentage of the total
energy in the time series trapped within each crystal. You can also look at the energy distribution in the form
of two graphs that are created by supplying atype argument to the plot function:

> plot( dwt.linchirp, type="energy" )

Theresult (Fig. 3.3) isabar plot showing the energy in each crystal and a pie chart depicting the proportion of
the total energy trapped by each crystal.

The summary method also gives us alook at how the energy is distributed across all the DWT coef cients,
i.e., outside of their classi cation within particular crystals. An examination of the last part of the summary
above shows that the coef cient with the largest magnitude (4:028) accounts for 3.2% of the energy in the time
series. We also see that 15% of the coef cients contain 96.2% of the energy and that the magnitudes of these
coef cients are bounded below by 0.637 (there are 154 coef cients with magnitudes greater than or equal to
this number). A summary such as this is helpful in determining how well the DWT succinctly captures the
salient featuresin atime series

3.1.2 The DWT inthe Time Domain

The DWT can be calculated by processing the data using a Iter cascade, where awavelet Iter fhyg and its
associated scaling Iter fg g are used in a‘pyramid’ agorithm to decompose the time series. To generate the
rst level of coef cients, the origina datais Itered by convolving it separately with the wavelet and scaling
Iters. Both Iter outputs are then decimated by a factor of two (i.e., every other point is thrown out), and the
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FIGURE 3.3: Energy distribution of linear chirp DWT.
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remaining Iter outputs are de ned as the unit level (j = 1) wavelet and scaling coef cients. For the second
level (j = 2), the same Itering/decimation scheme is applied, but now the unit level scaling coef cients are
used as the input to the Iters. This algorithm can be repeated to obtain higher level coef cients. Thus, at the
jthlevel, theinputsto the wavelet and scaling Iters arethe scaling coef cientsfrom the previouslevel (j 1),
and the outputs are the jth level wavelet and scaling coef cients.

Mathematically we can describe the DWT asfollows. Let £Xg s+ be auniformly sampled real-valued time
series consisting of N observations, the tth of which is denoted by X; (by uniformily sampled, we mean that
the time at which we collected the tth observation can be expressed astg +t A, where tp is the time at which
we observed Xp, and A; > 0 is the sampling time between observations). De ne so1 = X; to be the zeroth level

caculate the DWT wavelet coef cientsvia
L1

and the DWT scaling coef cientsvia

L1
Sizt %gﬁj 1241 1modN; o3 E=00Np L
|=

where N; bN=2Ic (herebxc refersto the largest integer that is less than or equal to X). Here are four comments
about the above two equations.

1. We are using ‘modulo’ arithmetic to specify which scaling coef cients are to be used in forming the
above summations. Thus, if0 2t+1 1 Nj 1 1, theexpression‘2t+1 | modN; 1’ istakento
beequal to2t+1 1, if thiscondition is not true, then the expressionistakentobe2t +1 1+nN; g,
where nN; 1 is the unique integer multiple of Nj 1 suchthat0 2t+1 1+nN; 1 N; 1 1 For
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indicest suchthat 2t +1 | mod N; 1 is not the same integer as 2t +1 |, the values of dj; and sj;
are formed by combining together some values from the beginning of the sequence of scaling coef -
cients (sj 1,0;:::) with some valuesfromtheend (:::;sj 1n; , 1). In effect, we are treating the scaling
coef cients asif they were ‘circular’ for the purposes of creating the Iter outputs; i.e., we replace the
unavailablevalues:::;sj 1, 2;5j 1. 1Wwith:::;s; INj 1 2S] 1N, 1-We use the terminology ‘ bound-
ary coef cient’ torefer to any coef cient whose computation involvesthe circularity assumptionin some
manner. Because the physical interpretation of boundary coef cients can be problematic, there are spe-
cia toolsand displaysin S+Wavelets that allow usto access and delineate these coef cients. Coef cients
that are not boundary coef cientsare deemedtobe‘interior’ coef cients(or ‘nonboundary’ coef cients).

2. Inour description of the pyramid algorithm above, we noted that the jth wavelet (scaling, respectively)
coef cientsareformed by Itering the scaling coef cientsfromlevel j 1 withthewavelet (scaling) |-
ter, after which wethen decimate the Iter outputs by afactor two. In the above equations, this decimation
isaccomplished by use of ‘2t’ in the indices to the input scaling coef cients.

3. The maximum level J that we can use is given by blog,(N)c. When J is set to this level, there will be
exactly one wavelet and one scaling coef cient (dy.o and syo). If the sample size N is equal to 27, then
S0 IS proportional to the sample mean of the time series (for details, see Exercise [97] of Percival and
Walden, 2000).

4. To maintain backward compatibility with version 1.0 of S+Wavelets, we are using dj;x and sj; to de-
note jth level wavelet and scaling coef ents. This notation differs from what is used in Percival and
Walden (2000), where these coef cients are denoted by W and V.

3.1.3 The DWT in the Frequency Domain

While the pyramid algorithm alows us to compute the DWT e&f ciently, we could in principle also obtain

the wavelet coef cients for a given level j by using asingle Iter, which we call the jth level wavelet lter;

likewise, we can obtain the jth level scaling coef cientsby using the jthlevel scaling Iter. Examination of the

frequency domain properties of these jth level Itersleadsto an interpretation of the DWT as an ‘ octave band’
Iter bank.

The DWT can be calculated by processing the datausing a Iter bank, where the wavelet and scaling  Iters
are used in arecursive (pyramid) algorithm to decompose the time series. To generate the rst level transform
coef cients, theoriginal datais Itered by convolving it with both the wavelet and scaling Iters (82). There-
sults are then decimated by afactor of two, where every other point isthrown out, and the remaining coef cients
arede ned asthelevel-one wavelet and scaling coef cients. For the second level, the same  Itering-decimation
scheme is applied (only) to the scaling coef cients. This algorithm can be repeated for higher decomposition
levels until the number of wavelet and scaling coef cientsis unity (and cannot be broken down any further).

We can replicate this approach by processing the original data with a set of scaled (amplitude reduced) and
dilated (time stretched) versions of the wavelet and scaling Iters, one lter set per level of the transform. The
advantage in this approach is that the gain functions (frequency responses) of the resulting Iter sets clearly
show the bandpass nature of the Iter bank. To illustrate this point, use the wavGain function to obtain the
frequency response of the level j Daubechies 8-tap least asymmetric Iters wavelet Iter (H;(f)) and scaling

Iter (Gj(f)) for j=1;:::;5:

> gain <- wav@in( "s8", n.level =5)
> gain

Gin functions for s8 filters
Nunber of levels: 5
Nunber of Fourier frequencies: 1024

Filters normalized: TRUE
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The result is an object of class WaveletGain. You can plot the squared gain functions by invoking the plot
method:

> plot( gain)

Figure 3.4 shows the result. The vertica lines in these plots de ne the octaves over which the wavelet Iters
are associated: the wavelet Iter for level | is associated with an approximate bandpass Iter whose passband
frequencies are f 2 [1=2/*1;1=2I]. Similarly, the scaling coef cients Iter at level j is associated with an
approximate bandpass  Iter whose passband frequencies are f 2 [0;1=21%1].

Using these scaled and dilated  Iter sets, we can calculate the DWT wavelet coef cientsat level j via

di =#21(F Y(Hj(f)X(f)))

where # K( ) is the downsample operator (every K" point is kept), F 1( ) is the inverse discrete Fourier
transform operator, X(f) is the frequency response of the the original time series thgthol, and f k=N for
k=0;:::;N 1. Similarly, the DWT scaling coef cientsat level | can be calculated using

§ =#2/(F Y(Gj(HX())):

Normalized Wavelet Filter (s8)
1

54 3 2 fﬂ 2 3 45
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FIGURE 3.4: Squared gain functions of Daubechies |east asymmetric 8-tap Itersfor levels j =1;:::;5.

3.1.4 Interpretation of DWT Coef cients

Asnotedin 82, the wavelet coef cients are proportional to differences between local averages of the datataken
on a scale proportional to the effective Iter width. The wavelet (and scaling) Iter is scaled at each level j of
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the wavelet transform such that its effective scale is

Tj 2J lAt

where /; isthe sampling interval of X; (assumed from this point forward to be unity unless speci ed otherwise).
Similarly, the scaling coef cients at level j are proportional to the local average of the data taken at scale 1.
Using these dual interpretations, the wavel et transform allows us to explore the variability at different scales of
the data, a sort of variably-sized mathematical microscope.

Each wavelet and scaling coef cient istypically also localized in time; i.e., except at the very largest scales,
each coef cient isformed using a limited portion of the time series. By studying the phase functions that are
associated with the jth level equivalent Iters fhj,g and fgj; g, it is possible to associate a time with each
coef cient. This association makes most sense when Iters have what is known in the engineering literature
as linear phase. Within the class of  Iters that yield an orthonornal DWT, it is hot possible to have Iters with
exact linear phase, but, by construction, the symmlet and coi et Iters are approximately linear phase Iters. If
approximate linear phase Iters are used in the DWT, then the transform coef cients can be shifted (circularly
permuted) so that they align with events in the original time series; i.e., they are shifted for approximate zero
phase. To do so, you can use the wavShift function asin the following example:

> wavShift( dwt.linchirp)

Di screte Wavel et Transformof linchirp
Wavel et: s8

Length of series: 1024

Nunber of levels: 4

Boundary correction rule: periodic
Filtering technique: convolution

Shifted for approxi mte zero phase: TRUE
Crystals: dl1 d2 d3 d4 s4

The function wavShift returns an updated version of dwt.linchirp containing cystals that have been shifted so
that they can be matched up in time with events in the original time series. Thisfact isre ected in the next to
last line above, where it is noted that the crystals have been shifted to achieve approximate zero phase. To see
the shifts, you can use the plot method on the object created by wavsShift:

> plot( wavShift(dwt.linchirp) )

Figure 3.5 shows the result. The shift used for each crystal appears next to each crystal name. A negative shift
implies an advance (or circular shift to the left) of the data.

If approximate linear phase Iters are used in the DWT, then the transform coef cients can be shifted (cir-
cularly permuted) so that they align with eventsin the original time series, i.e. they are shifted for approximate
zero phase. The shift factors for Daubechies coi et or least asymmetric (symmlet) families may be calculated
viathe wavZeroPhase function.
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FIGURE 3.5: The DWT of the linchirp sequence circularly shifted for approximate zero phase.

> wavZer oPhase( wavelet = "s8", levels = 1:4)
$dwt

dl d2 d3 d4 sl s2 s3 s4
-2-2-3-3-1-2-2-2

$nodwt :
dl d2 d3 d4 s1 s2 s3 s4
-4 -11 -25 -53 -3 -9 -21 -45

$Sdwpt

Wl O wl. 1l w2.0 w2.1 w2.2 w2.3 w3.0 w3.1 w3.2 w3.3 w3. 4
-1 -2 -2 -2 -3 -2 -2 -3 -3 -2 3

w3.5 w3.6 wa.7 wv4.0 w41 wd. 2 w43 wd. 4 wd.5 wh.6 w47
-3 -3 -2 2 -3 -3 -3 -3 -3 -3 -2

wi. 8 w49 w4, 10 w4, 11 w4, 12 w4, 13 w4, 14 w4. 15
-3 -3 -3 -3 -3 -3 -3 -2

$rmodwpt

wi.0 wl. 1 w2.0 w2.1 w2.2 w2.3 w3.0 w3.1 w3.2 w3.3 w3.4
-3 -4 -9 -11 -12 -10 -21 -25 -27 -23 -24

W3.5w3.6 W3.7 w40 w1 w2 wd3wdd4whSwhowd?
-28 -26 -22 -45 -53 -57 -49 -51 -59 -55 -47

Wi 8 wA. 9 wah. 10 w4, 11 w4 12 w4, 13 w4. 1413w, 15
-48 -56 -60 -52 -50 -58 -54 -46



The wavZeroPhase function returns the shifts for the DWT as well as other transforms. You could use these
shift factors to manually rotate each crystal appropriately, but a more convenient means is through the wavShift
function.

> wavShift( dwt.linchirp)

Di screte Wavel et Transformof linchirp
Wavel et: s8

Length of series: 1024

Nurber of levels: 4

Boundary correction rule: periodic
Filtering technique: convolution

Shifted for approxi mate zero phase: TRUE
Crystals: dl d2 d3 d4 s4

Notice that the display method now indicates that the crystals have been shifted for zero phase. To seethe shifts,
use the plot method as usual:

> plot( wavShift(dwt.linchirp) )

Figure 3.5 shows the result. The shift used for each crystal appears next to each crystal name. A negative shift
implies an advance (or circular shift to the left) of the data

3.1.5 TheWavedetTransform Class

ThewavDWT function calculatesthe DWT of areal-valued uniformly-sampled time series and returns an object
of class WaveletTransform. Several methods are available to the user to view, summarize, and access the data
contained in a WaveletTransform object:

Summary Operator Methods:
print Prints useful information regarding the wavelet transform including:

Type of wavelet transform.

Information regarding the Iter set.

Number of decomposition levels.

Boundary extension rule.

Filtering technique (convolution or correlation).

Whether or not the transform coef cients have been shifted for zero phase (only
suitable for coi et and symmlet Iters).

The crystal names.

plot Plotsthe transform coef cients. If the transform is shifted for zero phase, the shift factor
appears adjacent to the crystal name. Use the string energy as a value for the optional
type argument to display an energy distribution plot of the crystals.

eda.plot Extendend data analysis plot displaying the transform, crystal energy distribution, and
coef cient distribution

summary Displays a statistical summary of the transform data.

Transform Operator Methods
16



mrd Perform a multiresol ution decomposition of the data.

mra Perform a multiresolution analysis of the data.
reconstruct Reconstructs the time series via an inverse transform.
wavShift Circularly shift each crystal to achieve approximate zero phase (only suitable for coi et

and symmlet Iters).
wavDetail Calculate the detail coef cientsfor speci ed crystals.

Data Access Methods

[ Access a subset of al crystals contained in a a WaveletTransform object. For example,
to obtainthe rst and second level wavelet crystals of aMODWT or DWT object X, use
either X[1:2] or X[c( d1 , d2 )]. While the former is more compact, the latter is preferred
because of it leaves no doubt as to which crystals are to be extracted and does not rely
on any particular ordering of the crystalsin the object.

Il Access an individua crystal of a WaveletTransform object. For example, to obtain the
second level wavelet crystal of aMODWT or DWT object X, use either X[[2]] or X[[ d2 ]].
Theresult isavector of transform coef cients. If however multiple crystals are requested
(alaX[[c(d1, d2)]] for example), the result is an S-PLUS list containing the requested
crystals.

$ Use to access speci ¢ components of the WaveletTransform object. A list of accessible
components can be generated using the names function. One such component is data
which contains an S-PLUS list of all wavelet transform crystals. This gives the user yet
another way to accessspeci ¢ transform crystal(s). For example, if X isan object of class
WaveletTransform, the d2 crystal can be accessed via X$data$d2.

3.2 TheMaximal Overlap Discrete Wavelet Transform

Despite its popularity, the DWT has two practical limitations. The rst isthe dyadic length requirement. While
the DWT can be adapted to accommodate arbitrary length sequences via, e.g., polynomial extensions of the
scaling coef cients, selecting an appropriate number of end pointsto t or the order of tisnot atrivial task.
Other techniques can be used, such asthe odd-scaling coef cient storage system used for the wavDWT function,
but generaly involve either complicated bookkeeping or are too simple to accurately portray the dynamics of
the scaling coef cients. The second limitation is a sensitivity of the DWT to where we start recording atime
series; i.e., the decimation operation makes the DWT a non shift-invariant transform so that circularly shifting
the time series can alter the entire DWT.

To overcome these limitations, we can use a non-decimated form of the DWT, known as the maximal over-
lap DWT (MODWT), that has two main advantages: (1) it handles arbitrary length sequences inherently and
(2) circularly shifting the time series will result in an equivalent circular shift of the MODWT coef cients. Ad-
ditionally, the number of coef cientsin each scaleis equal to the number of pointsin the original time series.
Thisre ned dicing of the datain combination with the approximate zero phase property of the least asymmet-
ric Itersallowsusto calculate ‘instantaneous’ statistical measures of the data across scales (e.g. instantaneous
fractionally differenced process model parameters, see 85 for details).

3.2.1 De nition

LetX,t=0;1;:::;N 1, represent areal-valued uniformly-sampled time series, andlet hy and g, | =0;1;:::;L
1, bethe coef cientsfor, respectively, the wavelet and scaling Iters of width L used by the DWT. To preserve
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energy in the MODWT, we need to use rescaled versions of these Iters, which we de ne asfollows:
h| h| :p2 and o] o] :p22

In order to de ne the MODWT for a given decomposition level j, we start by de ning the MODWT scaling
coef cient 5oy at level j =0 andtimeindext to be equal to the value of thetime series at index t; i.e., Ssot = X,
t=20;1::;;N 1. The MODWT wavelet coef cients dj; and scaling coef cients sj¢ for level j are de ned
recursively in terms of the scaling coef cientsfor level j 1 asfollows:

L1

djt %hlsj Lt 20 11 modN
|=
L1

Sjit %glsj 4t 21 11 mod N
|=

wheret =0;1;:::;N 1L
While the above is an ef cient way of computing the MODWT wavelet and scaling coef cients, it is also
possible to obtain them directly from the time series via the equations

L 1
dj;t I; hj;lxt I ' mod N
L 1
Sjit |;) Qi1 %t 1 mod N;
where hj,; and gj;, | =0;1;:::;L; 1, are caled the level j equivalent MODWT wavelet and scaling  Iters.

Both of these Iters have awidth given by Lj = (2 1)(L 1)+1.Whenj=1wehael; =L, hy =h
and g1 = g;. Theseequivalent Itersare mainly of interest for theoretical developments and can be formulated
using just the basic Itershy and gy (for details, see Section 5.4 of Percival and Walden, 2000).

3.2.2 AnExample: The MODWT of a Linear Chirp

To calculate a MODWT, use the wavMODWT function which, like the wavDWT function, returns an object of
class WaveletTransform. Here we calculate alevel 4 MODWT of the linchirp sequence using Daubechies 12-tap
Coi et lters

> nodwt.chirp <- wavMODWI( linchirp, wavelet = "c12",
+n.levels = 4)
> nmodwt. chirp

Maxi mal Overlap Discrete Wavelet Transformof linchirp
Wavel et: c12

Length of series: 1024

Nunber of levels: 4

Boundary correction rule: periodic

Filtering technique: convolution

Shifted for approximate zero phase: FALSE

Crystals: dl d2 d3 d4 s4

> plot( wavShift(mdw.chirp) )

Figure 3.6 shows the result shifted for zero phase. A comparison of Fig. 3.5 and 3.6 shows that the (non-
decimated) MODWT is visualy smoother than the (decimated) DWT. Unlike the DWT, the MODWT is
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FIGURE 3.6: Maximal overlap discrete wavelet transform of alinear chirp shifted for zero phase.

non-orthogonal and highly redundant. Like the DWT, the MODWT is energy preserving. We can demonstrate
this by taking the difference between the energy of the original time series and the MODWT:

> sum linchirp 2 ) - sum( unlist(modwt.chirp$data) 2 )
[1] -1.278977e-09

We can also test the reconstruct function in asimilar manner:

> vecnorn( reconstruct(nmodwt.chirp) - linchirp)
[1] 2.439545e-10

The difference in reconstruction is very small and is due to roundoff error in the computation. We can use the
reconstruction method for more interesting experiments such as synthesizing the MODWT after zeroing out
the d2 and d4 crystals:

modwt . chirp[c("d2","d4")] < 0

recon <- reconstruct( nodw .chirp )

example <- list( linchirp=linchirp, synth=recon,
di ff=linchirp-recon )

stack. pl ot ( exanple )

V + V V V

The effect is to remove the high-frequency and mid-frequency components of the chirp (Fig. 3.7).
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FIGURE 3.7: A synthesis example. The top plot is the original linchirp sequence. The middle plot is the recon-
struction of the MODWT of the linchirp sequence with the d1 and d3 crystals zeroed out. The nal plot isthe
difference between the synthesis and the original sequence.

3.3 The Discrete Wavelet Packet Transform

3.3.1 Overview

Aswediscussed in 83.1.2, thewavelet and scaling  Itersare used to create the DWT. Thistransform essentially
takes atime series consisting of N values and expresses it in the time-scale domain in terms of N DWT coef -
cients. There are two types of DWT coef cients, namely, wavelet coef cients (encapsulating information about
changesin weighted averages at different scales) and scaling coef cients (related to weighted averages). These

Itersare used in tandem in the pyramid algorithm. Thus, letting j = 1;:::;J and starting with thede nition that
the zeroth level scaling coef cientsare given by thetime seriesitself, wetakethelevel j 1 scaling coef cients
and transforms them into wavelet and scaling coef cients of level j using, respectively, the wavelet and scaling

Iter. After J iterations of the pyramid algorithm, the DWT consists of J+ 1 crystals (components), namely, the
wavelet coef cientsfromlevels j =1;:::;J and the scaling coef cients from level J. In this scheme, once the
wavelet coef cients are created, we leave them alone and do not subject them to any further transformations.
If, however, we decide to treat the level | wavelet coef cientsin a manner analogous to scaling coef cients,
we can obtain what is know as a discrete wavelet packet transform (DWPT). A level j DWPT consists of 21
crystals, each of which contains N=21 values, where N is the sample size of the time series (for the purposes of
this discussion, we assume that N is a power of two, but in fact the DWPT in S+Wavelets can handle arbitrary
sample sizes).

The algorithm that dictates how we go from level j to level j + 1 says that we take each crystal and subject
its contents to both a wavelet Iter and a scaling Iter, yielding two new crystals that form part of the level
j +1 DWPT. We can illustrate the DWPT agorithm with the help of Fig. 3.8, which shows the creation of
DWPTsof levels 1, 2 and 3. Each box of Fig. 3.8 represents acrystal in the wavel et packet tree denoted by wj:n
where0 | Jisthedecompositionlevel and0 n < 2! isthe oscillation index. By de nition, the original
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Level O w0.0

Level 1 w1.0 wil.1

Leve 2 w2.0 w2.1 w2.2 w2.3
Level 3 |w30 w31l {w32 (w33 |w34 (w35 |w3.6 |w37

FIGURE 3.8: Wavelet packet table with 3 decomposition levels

time seriesis stored in crystal w0.0. The DWPT beginsby Itering w0.0 with both awavelet and scaling  Iter,
followed by decimation process where every other coef cient is dropped (decimation by 2) yielding crystals
w1.0 and wi.1. Each of these crystals contains N=2 coef cients and accordingly the level 1 DWPT is length
preserving. Thelevel 2 DWPT isformed in the same manner, where each level 1 crystal is Itered and decimated
to form the crystals w2.0 through w2.3. Each of these crystals contains N=4 coef cientsand again we nd that
the collection of level 2 DWPT coef cientsis length preserving. The algorithm for higher levels continuesin
the same way, where each parent crystal is Itered and subsequently decimated to form two children crystals.
Each level of the DWPT is length preserving and (due to the decimation by 2 process at each level) we are
restricted tolevelsO  j JwhereJ =1log, N.

Finally, as a comparison, note the shaded portions of Fig. 3.8 which collectively denote the DWT. Thus, the
DWT isactualy a subset of the DWPT and represents one of many possible orthonormal (disjoint and dyadic)
transforms of the orginal time series.

3.3.2 The DWPT in thetime domain

Giventhat j;n;t arethe decomposition level, oscillation index, and time index, respectively, the DWPT isgiven
by

L1
Wjint = %Un;lvvj Lbn=2c;2t+1 | mod N;j 1 t=0;:5N; L
|=

where N; N=2! and b ¢ denotes the integer part. The variable L isthe length of the Itersde ned by

g; ifnmod4=0o0r3;

Uni h; ifnmod4=1or2;

where g, and hy arethescaling Iter and wavelet Iter, respectively. By de nition, Wo.0t X where fX;g isthe
original time series.

3.3.3 The DWPT in the Frequency Domain

The Itering and subsequent decimation of each crystal in the DWPT evenly divides the frequency content
of a parent crystal amongst its children. For example, if we assume that the original sequence denoted by
w0.0 has a hormalized frequency bandwidth of 1=2, then its children w1.0 and w1.1 will inherit respectively
the normalized frequency bands of [0; 1=4] and [1=4; 1=2]. In general, the coef cients of a given crystal wj:n
correspond to a time-varying decomposition of the (normalized) frequency interval [n=21*1; (n+ 1)=2i*1]. For
example, crystal w3.2 corresponds to the frequency interval [1=8; 3=16].

To illustrate the DWPT, let usreturn to the linear chirp we created and stored in linchirp (Fig. 3.1).
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> linchirp <- make.signal ("l'inchirp", n=1024)
> dwpt.chirp <- wavDWPT( linchirp, n.levels = 3)
> dwpt. chirp

Di screte Wavel et Packet Transformof linchirp
Wavel et: s8

Length of series: 1024

Nurber of levels: 3

Boundary correction rule: periodic

Filtering technique: convolution

Shifted for approxi mate zero phase: FALSE
Crystals:

5RR8
GEBRE
s HHRE

> pl ot (dwpt. chirp)

3.1
Level O

-3.09
Level 1
Level 2
Level 3 —~mﬂwmj o

FIGURE 3.9: Discrete wavelet packet transform of alinear chirp.

The division of the frequency content into octaves is clearly visible in the DWPT of the linear chirp, where
each crystal represents a band-pass lering of the original sequence.
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3.4 TheMaximal Overlap Wavelet Packet Transform

The MODWT discussed in 83.2 can be easily extended to the maximal overlap discrete wavelet packet trans-
form (MODWPT). The MODWPT is seen as acollection of non-orthogonal transforms. Each level of the trans-
formisassociated with alevel j, wherethe jt" level MODWPT decomposes the frequency interval [0; 1=2] into
21 uniform divisions. Similar to the Short-Time Fourier Transform, the MODWPT is seen as a time-frequency
decomposition because it decomposes a time series into crystals such that each crystal is associated with a
particular range of frequencies and each coef cient of acrystal correspondsto to a particular time.

3.41 The MODWPT inthe Time Domain

Given j;n;t arethe decomposition level, oscillation index, and time index, respectively, the MODWPT isgiven
by
L1
\Nj;n;t I% Bm\ﬁ/j Lbn=2c;t 2 11 mod N* t=0:5N L

Thevariable L isthe length of the Itersde ned by
P,

g@=_2; ifnmod4=0o0r3;
BI‘I;| ﬁ:pZ,

ifnmod4=1or2;

where g and h; arethescaling Iter and wavelet Iter, respectively. By de nition, \Bp,0x % where fX;g isthe
original time series.

3.4.2 A Comparison of the MODWPT and the DWPT

The interpretation of the MODWPT in the frequency domain is the same as that for the DWPT, namely that
the frequency content of a parent crystal is evenly divided amongst the children. The main differences between
the DWPT and the MODWPT are that (i) there is no decimation operation performed after Itering a given
MODWPT crystal, and as aresult (ii) there is no theoretical limit on the number of decomposition levels one
can perform using the MODWPT (although in practice one typically limits the MODWPT to J = log, N since
the transform coef cients for levels beyond J do not provide further insight into the variations over scales
greater than the extent of the time series, see, e.g., page 199 200 in [PW00Q]). Although the high level of
redundancy in the MODWPT is a computational detrement, there are certain advantages that the MODWPT
has over the DWPT including:

1. The MODWPT can be used to form amultiresolution analysis (MRA) that is associated with zero phase
Iters, thus ensuring that the feautres of the original time series align with those in the MRA details and
smooths.

2. The MODWPT MRA is shift-invariant so that a circular shift of the original time serieswill result in the
same shift of the MRA components.

3. The MODWPT MRA isless affected by the choice of Itersused in the original decomposition.

See 8§3.6 for a discussion on MRAs in S+Wavelets and see [PWO00] for a more in-depth discussion of the
differences between the MODWPT and the DWPT.

For purposes of comparison with the DWPT, consider the MODWPT of the linear chirp series linchirp
(Fig. 3.1).

23



> nodwpt . chirp <- wavMODWPT( linchirp, wavelet = "s8",
+n.levels = 3)
> modwpt . chirp

Maxi mal Overlap Discrete Wavel et Packet Transformof linchirp
Wavel et: s8

Length of series: 1024

Nurmber of levels: 3

Boundary correction rule: periodic

Filtering technique: convolution

Shifted for approxi mate zero phase: FALSE

Crystal s:

. 5RR B
GHEBRE
CEBHRE

> plot( nodwpt.chirp )
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FIGURE 3.10: Maximal overlap discrete wavelet packet transform of alinear chirp.

Figure 3.10 shows the MODWPT of the linear chirp out to three levels. A comparison of the MODWPT
(Fig. 3.10) and the DWPT (Fig. 3.9) shows the redundant nature of the MODWPT with each crystal containing
N coef cientsfor an N-point time series.
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3.5 The WaveletPacket Class

The wavDWPT and wavMODWPT functions calculate the DWPT and MODWPT, respectively, of area-valued
uniformly-sampled time series and returns an object of class WaveletPacket. Methods are available to the user
to view and summarize the data contained in a WaveletPacket object:

Summary Operator Methods:

display

plot

Prints useful information regarding the wavel et packet transform including:

Type of wavelet packet transform.

Information regarding the Iter set.

Number of decomposition levels.

Boundary extension rule.

Filtering technique (convolution or correlation).
The crystal names.

Plots the transform coef cients.

Transform Operator Methods

mrd

mra

reconstruct

wavShift

wavDetail

Perform a multiresol ution decomposition of the data.
Perform a multiresolution analysis of the data.
Reconstructs the time series via an inverse transform.

Circularly shift each crystal to achieve approximate zero phase (only suitable for coi et
and symmlet [ters).

Calculate the detail coef cientsfor speci ed crystals.

Data Access Methods

[

I

Access a subset of all crystals contained in a a WaveletPacket object. For example, to
obtainthe rst and second level wavelet crystals of aMODWPT or DWPT object X, use
X[level = 1:2]. Individual crystals may be accessed as we using the crystal name(s) as an
input ala X[c(w1.0 , w3.1)] for example. In al cases, the original WaveletPacket object
isreturned with a subset of the original crystals.

Access an individual crystal of a WaveletPacket object. For example, to obtain the
node correpsonding to level 2 and oscillation index 3 of a WaveletPacket object X, use
X[[ w3.2 ]]. Theresult isavector of transform coef cients. If, however, multiple crystals
are requested (ala X[[c( w3.0 , w1.1)]] for example), the result is an S-PLUS list con-
taining the requested crystals. In al cases, only the speci ed transform coef cients are
returned, i.e., al other components of the original WaveletPacket object are excluded.

Useto accessspeci ¢ components of the WaveletPacket object. A list of accessible com-
ponents can be generated using the names function. One such component is data which
contains an S-PLUS list of al wavelet transform crystals. This gives the user yet an-
other way to access speci ¢ transform crystals. For example, if X is an object of class
WaveletPacket, the w3.0 crystal can be accessed via X$data$w3.0.
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